Detection of Macroscopic Entanglement by Correlation of Local Observables 
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We propose a correlation of local observables on many sites in macroscopic quantum systems. By 
measuring the correlation one can detect, if any, superposition of macroscopically distinct states, 
which we call macroscopic entanglement, in arbitrary quantum states that are (effectively) homo- 
geneous. Using this property, we also propose an index of macroscopic entanglement. 
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Superposition of macroscopically distinct states has 
been attracting much attention since the birth of quan- 
tum theory [1 S H S @. We say a quantum state, 
represented by a density operator p, is entangled macro- 
scopically if p has such superposition. However, the term 
'superposition of macroscopically distinct states' is quite 
ambiguous in general. For example, do the following 
states of a system composed of N (3> 1) spins have 
such superposition? (i) = - 1/N | J. J. • • • j 

) + ^TJn | TT ••■ T>, (ii) = (I II I- I ) + I TU 

■ • • I) + | TU • • • I) + • • • + I TTT ; • • l))/VN + l, and (hi) 
classical mixtures of macroscopically entangled states. 

For pure states a reasonable criterion has been given in 
Refs. using which we can show that \ip 2 ) is macro- 

scopically entangled whereas is not. Importantly, 
macroscopic entanglement as defined by this criterion 
is closely related to fundamental stabilities of quantum 
states |£g . It was also shown that in quantum computers 
macroscopically entangled states are always used to solve 
hard problems quickly 0,111 • In experiments, however, 
it would be hard to generate and confirm pure states for 
macroscopic systems, hence the criterion for pure states 
may be difficult to apply. Thus the following questions 
arise: How can we detect macroscopic entanglement of an 
unknown state? How can we define macroscopic entan- 
glement for mixed states? 

The purpose of this paper is to answer these questions. 
We first show that macroscopic entanglement of unknown 
states can not be detected if one looks only at the expec- 
tation values of low-order polynomials of additive vari- 
ables (which are fundamental macroscopic variables; see 
below) . Hence, it should be detected by some many-point 
correlations of local observables. Among such correla- 
tions, we point out that Mermin's correlation 0, Q can 
detect macroscopic entanglement only for special states. 
We thus propose a new correlation , which is a func- 
tion of two operators A and 77 (see below), for general 
macroscopic systems composed of N (3> 1) sites. It can 
be measured by measuring local observables of all sites 
and collecting the data thereby obtained. For a state rep- 



resented by a density operator p, we focus on the maxi- 
mum value of the expectation value (C) = Tr(/3Cj.) over 

all possible choices of A and r), and define an index q of 
P by 



max ((C), N) 



0{N q ). 



(1) 
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Here and after, we say that f(N) = 0(g(N)) if 
limjv^oo f(N)/g(N) = constant 7^ 0. We will show that 
1 < q < 2, and that it is reasonable to call states with 
q = 2 macroscopically entangled states. Hence, one can 
detect macroscopic entanglement by measuring (C). 

Basic idea — We consider quantum states which are 
homogeneous, or effectively homogeneous as in Refs. 
ITol | . We say a quantum state (or system) is macroscopic 
if for every quantity of interest the term that is leading 
order in N gives the dominant contribution. In general, 
macroscopic states are characterized by macroscopic vari- 
ables, among which additive variables are fundamental 
because macroscopic states can be fully specified by (a 
proper set of) additive variables Hence, two states 

are macroscopically distinct iff there is an additive vari- 
able A such that its difference is O(N) between the two 
states. In quantum systems, additive variables are repre- 
sented by additive observables; A = , a(l), where a(l) 
is a local operator at site I. Throughout this paper, we 
assume that all a(Z)'s are Hermitian. For a spin system, 
for example, such observables include the magnetization 
M a = J2i S'a(l) (pt — x, y, z) and the staggered magneti- 
zation = Ysii- 1 ) 1 ^), in which a(l) = {-l) l a a {l). 
Note that a(l') for I' ^ I is not necessarily the spatial 
translation of a(l). To avoid mathematical complexities, 
we henceforth assume that ||a(Z)|| is finite and indepen- 
dent of N, and thus ||1|| = O(N). 

Let A be an additive observable, and \Av) its eigen- 
state; A|Az/) = A|Az/), where v labels degenerate eigen- 
states. According to the above argument, a quantum 
state p has more superposition of macroscopically dis- 
tinct states, i.e., is more entangled macroscopically, if 
\(Av\p\A'v')\s with = 0(N) are larger for a cer- 

tain additive observable A. Our task is thus to propose 
a way of detecting such (A^|/S|AV)'s for general p. 

Expectation values of low-order polynomials of additive 
observables — One might expect that (Ai/\p\A'i/) could 
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be detected, if it exists, through the expectation value 
of another additive observable B. Unfortunately, this is 
impossible for \A — A'\ — O(N). For example, suppose 
that p = \i(>)(ip\ and, neglecting degeneracies of |Ai/)'s for 
simplicity, |V>) = + \A 2 ))/V2, where \M - A 2 \ = 

O(N). Then, for any additive observable B = ^2 t b(l), 
we have Tt(pB) = Ti(p mix B), where p mix = + 
(A 2 1, because B is the sum of single-site operators 
and thus (Ai\B\A 2 ) = 0. 

More generally, we recall that genuine quantum na- 
tures, such as the violation of Bell-type inequalities, come 
from non-commutativity of observables. For additive ob- 
servables A = 53/^(0 anc ^ B = K0> however, we 
have [A/N,B/N] 



EiimM)} IN 2 < 0(1/N). 



This implies that higher accuracy of experiments is re- 
quired for larger N to detect genuine quantum natures 
of a macroscopic state p through expectation values of 
A, B and AB (and low-order polynomials 9] of them). 
In other words, any macroscopic states can be well de- 
scribed by local classical theories if one looks only at such 
expectation values [T^ | . This seems to be a foundation of 
macroscopic physics, such as thermodynamics and fluid 
dynamics, which are local classical theories. 

As a simple example, let us consider the Clauser- 
Horne-Shimony-Holt (CHSH) correlation of macro- 
scopic variables. Suppose that the system is hypotheti- 
cally decomposed into two subsystems, each having N/2 
sites. Let A, A' and B,B' are additive observables of 
one subsystem and the other, respectively. If we nor- 
malize them in such a way that their norms are N/2, 
we may define their CHSH correlation by C'chsh = 
(Ab + A'B-Ab'+A'B')/(N/2) 2 . The expectation value 
(^chsh)cI °f the corresponding classical correlation sat- 
isfies the CHSH inequality KCgggg)^ < 2 for any local 
classical theories. Since A/N, A' /N, B /N , and B'/N all 
commute with each other in the N — > 00 limit, we find 
that max^ A A , ^ B' ^(p^chsh) ~~ * 2 as N — > 00, how- 
ever anomalous the quantum state is. 

Limitation of Mermin's correlation — The above re- 
sult suggests that one should look at many-point correla- 
tions of local observables in order to detect macroscopic 
entanglement. Mermin proposed one of such correlations 
Cm and proved a generalized Bell inequality for it, which 
is violated by an exponentially large factor 2^- N ^ 1 ^ 2 by 
a 'cat state,' i.e., superposition with equal weights of two 
states which are macroscopically distinct • Since such a 
state is entangled macroscopically, one might expect that 
(Cm) = Tr(pCM) could be a good measure of macroscopic 
entanglement if operators in Cm are properly taken for 
each state However, this is not the case in general. 
For example, the state |"0i) in the introduction also vio- 
lates Mermin's inequality by an exponentially large factor 
~ 2( Ar - log 2 JV + 1 )/ 2 . However, this state is not entangled 
macroscopically because q — 1 (and p = 1, see below). 
Hence, (Cm) can not detect macroscopic entanglement 
correctly, except for special states such as cat states. We 



must therefore seek a new correlation. 

New correlation for detecting macroscopic entangle- 
ment and index q - Let Ti. be the Hilbert space by 
which a given macroscopic system composed of N (^$> 1) 
sites is described. Take arbitrarily an additive observable 
A and a projection operator rj on 7i, satisfying r) 2 = i). 
Using them, we define the following Hermitian operator; 



C M = [A, [A, fj}} = i 2 f 7 - 2AfjA + fiA 2 



(2) 



' Afj 

To see its physical meaning, we decompose fj as ry = 
X)jf=i l^'K^jl) where |<^j)'s are orthonormalized vectors 
and 1 < M < dim7i. Using eigenstates of A, we obtain 
the expectation value (C) = Tr (^pC^^j for a state p as 

M 

< C >=E E (A-A'futiAu^A'^u^, (3) 



j=l AvA'v 1 



where u 3 A 



(Av\<pj). For a given state p, we focus 
on the N dependence of the maximum value max^ . (C) 

for all possible choices of A and fj, and define an in- 
dex q by Eq. QJ. By definition, q > 1. As we will 
show shortly, the equality is satisfied, e.g., by every sep- 
arable state (i.e., classical mixture of product states). 
On the other hand, we find that q < 2 because |(C)| < 
\\[A, [A,fj]]\\ < 4||i|| 2 \\fj\\ = 0{N 2 ), where we have used 
\\A\\ = O(N) and \\fj\\ = 1. It is seen from Eq. © that p 
has a larger value ofmax^^C) when |(A^|/5|^4V)|'s with 
\A — A'\ = O(N) are larger. Since such matrix elements 
represents quantum coherence between macroscopically 
distinct states, it is reasonable to call p with the maxi- 
mum value q = 2 a macroscopically entangled state. Note 
that the minimum value q = 1 is taken also by the ran- 
dom state p = l/dimH, for which (C) = 0. Hence, the 
index q of macroscopic entanglement classifies separable 
states, for which quantum coherence exists only within 
each site, and the random state, for which any quantum 
coherence is absent, as a single group. This is reasonable 
because they do not have macroscopic entanglement at 
all. 

To sum up, the index q of macroscopic entanglement, 
defined by Eq. QJ, ranges over 1 < q < 2. We say p is 
macroscopically entangled if q = 2, whereas states with 
q < 2 may be entangled but not macroscopically, among 
which states with q = 1 are similar to separable states in 
view of macroscopic entanglement. 

Properties ofq for pure states — For pure states, a rea- 
sonable index p of macroscopic entanglement was given 
in Refs. H @ as max^KAi) 2 ^) = 0(N P ), where 
AA = A - (ip\A\ip) and 1 < p < 2. We now investi- 
gate the relation between q and p for pure states. 

If p is a pure state l^)^, we can easily show that 
fj\ip) ^ is necessary to maximize (C). Further- 
more, any fj such that fj\ip) ^ can be expressed as 
V = \M4>\+Ef=2\Wjl wh ere |0) = 
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(</#;■) = (^) = and 
expression, we have 



5j ji . Using this 



(C) = ((0|i 2 |^)(Vl0>+cc. 



2 M 2 

-2^|(^.|i|^) . (4) 

3=2 

Since this becomes maximum when M — 1, we hnd 

max(C) = max(#i, [A, \1>) WW) • (5) 
»? 10) 



Therefore, max^JC) > m.ax A {ip\[A, [A, \ip}{4>\] 

2 max y |('0|(AA) 2 |?/'), from which we immediately find 
that ifp — 2 then q — 2, and ifq=l thenp — 1. We also 
note that Eq. JSJ implies that max^(C) is the maximum 
eigenvalue of the Hermitian operator [A, [A, \-ip)(ip\}]. If 
we denote an eigenvector corresponding to the maximum 
eigenvalue by \4>a), we have 

max(C) = max(<j) A \[A, [A, |V>)(V>|]]|</>a) 

A.f) A 

= maxTr([|^)(^U]t[|V)(^U]) 

A 



< 2 



max(^ A \(A^, A Ay\(j) A ) 

A 



max^KA^A')'^) 

A' 



,(6) 



where we have used the Cauchy- Schwartz inequality, 
\Tr(ftK)\ < [Tr(jtj)] 1 /2[ Tr (^t^)]i/2 ) and A<f>A A = 

A-((j) A \A\<j) A ), A v ,i' = A'-(iJ}\A'\ip). We thus find that 
if q = 2 then p = 2. Moreover, since \4>a) is an eigenvec- 
tor of [A, [A, it is given by a linear combination 

\4> A ) = a#) + J2 t yi&QM + Ei,v m>a{iWM- This 

implies that \4> A ) is obtained from \ip) by adding one- 
and two-particle excitations. Since addition of such mi- 
croscopic excitations does not change the value of the 
index p of macroscopic entanglement 0, @ , p = 1 for | <fi) 
if p = 1 for \ip). Thus, from inequality ©, we find that 
ifp = 1 then q = 1. In particular, q — 1 for any product 
state \tp) — ® i=1 because p = 1. 

To sum up, we have found that p = 1 q = 1 and 
that p = 2 g = 2, for pure states. 

Properties of q for mixed states — The above results 
demonstrate that q is a natural generalization of p, which 
was defined only for pure states 0, ||| . We now present 
basic properties of q for mixed states. 

Any mixture p — J2\ Pa|V , a)(V'a| of pure states 's 
with q = 1 has q = 1. In fact, maX|.(C) < 

J2xP^^fMx\C A ^) = ExPX°(N) = O(N). In 
particular, q = 1 for separable states since q = 1 for 
product states. On the other hand, mixtures of pure 
states 's with q = 2 do not necessarily have q = 2. 
A simple example for an A-spin system is the state with 
p± = 1/2 and \xl>±) = (| l)* N ± | T) 8JV )/n/2. Then, 
p e xi = slV+X^+l + §IV>-)W>-| is equal to ±(| [){[ 
Q®iV_l_iQ | ) 18 JV , which is a classical mixture of prod- 
uct states, and thus g = 1. 



It is interesting to clarify the conditions for q = 2 for 
mixtures of states with q — 2. A sufficient condition is 
as follows. Suppose that for an additive operator A we 
have pure states l^i), \4>2), ••• such that 

(il>\\1>\>) = *a,V for A,A' = 1,2,-- - , (7) 

(V'xlilVv) = for A ^ A', (8) 

(^ A |(A A i) 2 |</; A ) =0(A 2 ) for A< A, (9) 

(^ A |(A A i) 2 |^ A ) <0(A 2 ) for A> A, (10) 

where A A A = A — (ip\\A\ip\) and A is a positive in- 
teger. Consider classical mixtures of these states, p — 
Sa Pa I "0a) (V'a I t where p A 's are real numbers such that 
0<p A <land EaPa = L If 



Jim J2 P x ^ °' 

A<A 



(ii) 



then any such mixtures have q = 2, hence are entangled 
macroscopically. In fact, if we take i) = X)a IV , a)(V , a| j 
we find (C) = 2E A PA<^A|(A A i) 2 |^ A ) = 0(A 2 ), hence 
9 = 2. 

For example, let |</> A ) = ^ | T)| |)^ (jv " A) + 

73 1 T)^ (A_1) I 1)1 T) 8(JV " A) for A = 1, 2, • • • , A. Then, 

conditions 0-© are all satisfied for A = M z = a z (l) 
and A = N. Therefore, any mixtures of these states, such 

as p CX 2 = (1/A) X)aLi IV'a)(V , a|) are entangled macro- 
scopically, i.e., q = 2. This may be understood by noting 
that such mixtures are mixtures of the 'same sort' of 
superpositions of macroscopically distinct states in the 
sense that all |"0a)'s are superpositions of states with 
M Z =±(N -2). 

A more instructive example is the case where IV'a) = 
(| A) + |A))/v2j where |A) (|A)) is an arbitrary state in 
which A spins are up (down) and N — A spins are down 
(up). If we limit the range of A over, say, 1 < A < A/3, 
then conditions 0-0 are all satisfied for A = M z and 
A = A/3. Therefore, any mixtures of these states, such 

as /5 CX 3 = (3/N)Y,\=i \ipx)(ipx\, are entangled macro- 
scopically, i.e., q = 2. Intuitively, such mixtures are 
mixtures of the same sort of superpositions of macro- 
scopically distinct states in the sense that all \ip\)'s are 
superpositions of states with positive and negative M z . 

Furthermore, p' ex2 = wp ex2 + (1 - w)p ex i and p' cx3 = 
wpex3 + (1 — w)f>exi also have q = 2 if w > and indepen- 
dent of A, because | and | t) 8JV satisfy the above 
conditions for IV^'s with A > A. 

Measurement of (C) by local measurements — When 
detecting entanglement of two particles by measuring 
the CHSH correlation, Cchsh = a(0)b(<t>) + a{0')b{(j>) - 
a(0)b{4>') + a(6')b((f)'), one does not measure it using 
a single experimental setup, which performs a global 
(non-local) measurement. Instead, one measures a's and 
&'s locally and simultaneously, which are observables 
of one particle and the other, respectively. Since a(9) 
and a{6') cannot be measured simultaneously because 
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[a(9), a{9')\ ^ 0, they should be measured independently 
using different experimental setups, and similarly for b(<p) 
and b{4>'). That is, one performs local measurements with 
various setups. By collecting the data of such local mea- 
surements, one can obtain the expectation values of all 
terms in Cchsh, and hence the value of (Cchsh)- 

In a similar manner, one can obtain (C) by measuring 
local observables with various setups and collecting the 
data thereby obtained. This might be obvious because 
in general any Hcrmitian operator on H = (^) ( Hi, where 
Hi is the local Hilbert space of site I, can be expressed as 
the sum of products of local Hermitian operators. How- 
ever, we show it in such a way that local observables to 
be measured can be seen easily. Let \aip,i) £ Hi be an 
eigenvector of a(l); a(l)\aifii) = ai\aipi), where fxi labels 
degenerate eigenvectors. We can take \Av) = ® ; \aifii), 
where A — J2i a l- Hence, denoting a = (ai, 02, • • • , a/v) 
and /x = (/ii, /12, • • • , Mjv); we can express as 

M / \ 2 

j — l (l/J O/ fJ,' \ I' / 

x(8)(^;,; aiw (0+^« iW W)' ( 12 ) 
1 

where ^o{ M {o )W (0 = (l a ^)< a iMi| + h.c.)/2 and 
K'^' t a^S l ) = (\ a 'A)(aM\ - h.c.)/(2i) are local Hermi- 
tian operators on Hi . By expanding Eq. i|12|) , we obtain 
a polynomial of v?'(/)'s and 0"(i)'s, i.e., the sum of prod- 
ucts of local observables. Therefore, (C) can be measured 
by measuring such local observables of each terms (using 
proper experimental setups for each) and collecting the 
data thereby obtained. 

The operators <p'(iys and (p"(l)'s, which we denote <p>, 
and the numbers a, /j, in Eq. (|12|l correspond to a, b, 
9,9' ,</>,</>' of Cchsh- To find the value of q, one should 
seek a particular set of ip, a, fi that maximizes (C) (or 
gives the same order of magnitude of (C) as the maximum 



value). If the state p is unknown, one should perform 
experiments for various choices of cp, a, /x, and thereby 
find the maximum value of (C). This situation is the 
same as the case of detecting the violation of the CHSH 
inequality of two particles by an unknown state, where 
one should perform experiments for various choices of a, 
b, 9, 9',<f>, <f>' . In many practical experiments, however, 
one tries to generate some target state with a prescribed 
p. In such a case, one can theoretically find A and fj that 
should give the maximum value of (C) Q. Then, one 
needs to measure (C) only for ip, a, /j, corresponding to 
such A and r). 

Conversion of states with q < 2 to states with q = 2 
Entanglement is often defined in terms of possibility of 
converting a state in question to another state which is 
manifestly entangled In the present case, it is possi- 
ble to convert \tpi) in the introduction, which has q = 1, 
to a cat state, which has q = 2, by a single-spin projective 
measurement. However, its success probability tends to 
vanish with increasing N. In our opinion, it is natural 
to exclude such rare events to define macroscopic entan- 
glement, and to interpret the above possibility as an in- 
teresting possibility with a very small but non-vanishing 
(for finite N) success probability. 

Possible experiments — It is very interesting to de- 
tect macroscopic entanglement experimentally. One way 
of producing states with q = 2 is to cool a symmetry- 
breaking system whose order parameter does not com- 
mute with the Hamiltonian, such as the Heisenberg an- 
tiferromagnet on a two-dimensional square lattice |6(]. If 
the temperature can be made lower than the energy dif- 
ference between the exact ground state (which is symmet- 
ric [HIS El) an( A the symmetry-breaking vacuum, then 
the equilibrium densit y o perator becomes a macroscop- 
ically entangled state |14j. Another way may be to use 
quantum computers, in which one can manipulate quan- 
tum states rather freely [l5j , as a playground of many- 
body physics. 

We thank M. Koashi and H. Tasaki for discussions. 
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